The kinetic theory for tagged-particle problems in lattice-gas cellular automata is extended beyond Boltzmann s mean-6eld approximation by including correlated ring-type collisions. This theory provides explicit expressions for the velocity autocorrelation function (VACF) for all times in terms of the ring-collision integral, as well as corrections to the Boltzmann values of the transport coefficients. For times long compared to the mean free time, the ring integral equation yields the phenomenological mode-coupling theory and the long-time tails. For intermediate times it describes a slow transition from initial exponential decay to the long-time tails. At short times the ring kinetic theory is exact. In particular, deviations from the Boltzmann result in the VACF of three-dimensional systems after two time steps are calculated explicitly and compared with computer simulations.
The kinetic theory for tagged-particle problems in lattice-gas cellular automata is extended beyond Boltzmann s mean-6eld approximation by including correlated ring-type collisions. This theory provides explicit expressions for the velocity autocorrelation function (VACF) for all times in terms of the ring-collision integral, as well as corrections to the Boltzmann values of the transport coefficients. For times long compared to the mean free time, the ring integral equation yields the phenomenological mode-coupling theory and the long-time tails. For [5] . The observed long-time tails are in quantitative agreement with the phenomenological mode-coupling theory [3, 6] , but have never been derived or justified on the basis of a more fundamental kinetic theory for LGCA's.
However, recently the kinetic theory for fluid type LGCA's has been extended by Kirkpatrick and one of the authors [7] to include the correlated ring collisions. Here we use their method to develop an analogous ring kinetic theory for tagged-particle problems. Its main application here is the study of the velocity autocorrelation function (VACF) of a tagged particle at short, intermediate, and long times. This enables us to derive for long times the phenornenological mode-coupling theory.
At intermediate times, recollisions of particles, ignored in the Boltzmann approximation, start to appear at t = 3, because the minimum time required for two particles to recollide is three time units. However, if the macroscopic periodicity cell, containing the lattice gas, has at least one spatial period equal to two (slab geometry), one observes deviations from Boltzmann even at t = 2, due to interactions among particles through the boundaries [4] . These excess geometric correlations have been quantitatively explained from the ring collision integral and were found to be in excellent agreement with the computer simulations, as already reported in an earlier publication [8] . The detailed derivation of this result will be presented in this paper.
Why lattice gases in slab geometries'? It turns out that the only existing quasi-three-dimensional
LGCA fluid with isotropic Euler and Navier-Stokes fluid dynamic equations is the face-centered-hypercubic (FCHC) model [2] . It is a lattice gas contained in a I. x I, x I x 2 slab, embedded in a four-dimensional FCHC lattice.
One of the few existing results, based on the ring kinetic theory, is the breakdown [9] of the Boltzmann equation for calculating transport coeKcients in Lorentz-type LGCA s with independent particles, moving in a fixed array of scatterers. In models with backscattering, where the direction of the velocities is reversed upon collision, the difFusion coefficient, calculated from the ring kinetic theory, can be up to 50FD smaller than the Boltzmann difFusion coefficient. This theoretical prediction has been extensively confirmed by computer simulations [9] . A similar reduction of the diffusion coefficient in a LGCA's of interacting particles was very recently reported by Taylor and Boghosian [10] .
The paper is organized as follows. In Sec. II we introduce evolution equations of the LGCA. Section III specializes on the short-time behavior of the VACF. In Sec. IV we develop the general kinetic theory for taggedparticle problems. Section V is devoted to the long-time analysis, which leads to the mode-coupling theory. Finally, we include some comments in Sec. VI. In order to calculate the VACF one needs to include a tagged particle in the system and register its trajectory. The tagged particle behaves as a fluid particle, but carries a tag. As 12] . In this case the tag redistributes randomly among the output particles at the same node, regardless of any velocity changes from input to output particles. For a completely filled lattice, the tagged particle becomes a random walker on a regular lattice. The time evolution of a LGCA consists of two steps: collision and propagation.
II. EVOLUTION EQUATIONS
Here v, (r, t) denotes the occupation number for the tagged particle at the integer time and I, the collision operator that depends on the collisions between fluid-fluid and fluid-tagged particles. The collision step can be represented as v, (r, t-) = v, '(r, -t) + I,(n'( -t), v'( -t)), (2.4) v, '(r, t) -= v, (r + c, , t -+ 1) = S,v, (r, t -+ 1). (v'(r)) = (v) = 1/bV (v~(r)v'(r')) = bob(r, r')(v) (v~(r')bn, (r)) = b,~b'(r, r')(v) (1 -f), (6' n, (r ) 6n~(r ') ) ='b,~6 (r, r ') r. , (v (r)v2(r )«~(r")) =~'~' &~(r r )~(r r )(v)(1 f) (2.8) (3.9)
For tagged-particle models with maximally random collision rules the eigenvalue is [11] [1 -
where c stands for a 6 (3.14)
The first term gives the Boltzmann value bn(2) = cc, (IL+A~') c . in systems larger than two lattice spacings. Suppose now that our system is contained in a periodic box with two lattice spacings in one of the directions, and we impose periodic boundary conditions. Then the condition b(c~, , c~2) can be satisfied through the periodic boundary.
As an example, consider a one-dimensional strip of the FHP model (see Fig. 1 : a, (n = x, y, z), and the tensor (v (t)vp(0)), although still symmetric in (n, P), is no longer isotropic. The (idio) component differs from the (na) component with n = x, y, z. As a three-dimensional object, the tensor is still isotropic.
In principle this quantity depends on the detailed collision rules for the tagged particle and the fluid particles. However, for maximally random tagged-particle collision rules (see Sec. II), Agi has the remarkable property that it is totally independent of the collision rules of the underlying LGCA fluid, similar to the eigenvalue u in Eq. (3.10), and for exactly the same reasons [11] . The essential ingredient in the argument is momentum conservation. Let (c) and (c*), respectively, be the sets of [p] incoming and outgoing velocities in a p-tuple collision. Then the expected velocity of the tagged particle after a collision is (1/p) P, .c '. However In terms of the propagator, the VACF can be written as g, (t) = ib ) c,, I',~( r, t)cĨ n this section we develop the kinetic theory for taggedparticle problems beyond Boltzmann by extending the results for LGCA fluids in Ref. [7] . We will first derive an equation for the two-point propagator of the tagged particle in terms of higher-order correlation functions from which an approximate closed equation can be obtained. Further simplifications yield the one loop or ring diagram, which will be analyzed in Sec. V. We define the kinetic propagator for the tagged particle as I', s(r, t) = bV(v, (r, t)v, (0, 0)), The result for 6P (2) is plotted in Fig. 2 of Ref. [8] as a function of the reduced density f. The computer simulations [4] are in a very good agreement with our exact result. The Boltzmann term, also plotted in that where we have used stationarity of the equilibrium averages. Then we may evaluate v'(q, t) with t ) 0, -using the backward evolution equation (2.5):
(4.14)
We solve this equation formally as in (4.9) and (4.10) However, it can be closed using the Gaussian decoupling scheme introduced in Ref. [7] . In this approximation, all higher-order cumulants are neglected and all correlation functions of order larger than 2 are factorized in terms of two-point correlation functions, yielding a closed equation for the tagged-particle propagator I'. For more details we refer to [7] . Within this factorization scheme, and using the properties of the A' s, the ( (v, ( q, t)n, (qg, t)v"*(q', 0)n;(q'"0)) = (v, (q, t)vg(q', 0))(n~(qi, t)n;(q'"0)) = (v) Vb(q, q')~Vb(qi, qi)r, a(q, t)r~t (qs, t), (4.20) r,i(r, t)~= (bn, (r, t)b'ni(0, 0)), r~t(q, t)rV = (n~(q, t)n&*(q, 0)). In a separate publication [14] the ring approximation for the stress-stress correlation function, obtained in Ref. [7] , will be evaluated numerically for all t and compared with the existing computer simulations.
Next a" (q) = e'~'a" (q). 
V. LONG-TIME TAILS
This section is devoted to an analysis of the ring integral R(q, t) in Eq. (4.23) at long times and to the derivation of the phenomenological mode-coupling theory, which has been extensively used [6, 12] to derive the long-time behavior of correlation function in LGCA's.
We restrict ourselves to the simple ring integral, Ro(q, t), obtained from Eq. Inserting these results in (4.23) yields the spectral decomposition of the simple ring integral R, "(q,t) = -) ) a, '(k)a~(q -k)
We note that R is expressed in right eigenvectors only, that the real part of z"(q) is always negative, and that the labels p, s run over the complete eigenvalue spectra, so that R (q, t) in (5.6) is exact. -(1) for a tagged particle, introduced in Eq. (2.7), and A is the corresponding Boltzmann collision operator for a Quid particle.
To study the time dependence of Ro(q, t) it is convenient to decompose F (q, t) and I' (q, t) into eigenfunctions and eigenvalues.
To do so we first consider the e'~& +' ' -g -0 a" (q) = 0
is a standard problem in kinetic theory which has been studied for LGCA's in Refs. [15, 16] and JVj = bc' are chosen such that Q, . a, "(q)a, "(q) = b" as q~0, compatible with Eq. (5.4). For more details and explicit results we refer the reader to Ref. [15] . In principle there may exist also spurious conservation laws that give rise to slow modes at (large) wave numbers related to the centers of the planes (lines) bordering the Brillouin zone. However, the staggered modes do not couple to the long-time tail of the VACF of a tagged particle [6] . The eigenvalue spectrum of the tagged-particle propagator I'p has only one stove diffusion mode a, '(q) (+,) i~z = b i~z with z'(q) = Dq2 as q --+ 0, which is related to conservation of tagged-particle number. (5.9) x exp[z, (q)t + z"(q )t] xa'(q)a" ( -q), (5.10) where the asterisk indicates that the p, sum is restricted to hydrodynamic modes. This formula represents the The tong-time behavior of the VACE follows from (5.11) in the form ( . (t ) . (0))
+-, ' cos(cpqt) e i+ '~'~i' "'- (5.14) where the relation P, . c; = bcp has been used. [18] , and four dimensions [19] . The agreement between simulations and the mode-coupling result (5.14) is in general very good.
VI. CONCLUSIONS
The main result of this paper can be summarized as follows. We have extended the lattice-gas kinetic theory for tagged-particle problems beyond [20] ). In the fluid-type models, discussed here, the renormalization of the Boltzmann or bare diffusion coefficient by ring collisions is small in the intermediate-time regime. However, in model with backscattering (see [9] and [10] Consider a multiple collision involving a tagged particle. The set of [p] input particles, chosen out of [b] scatters into a set [p'], and the tagged particle, labeled 
